Abstract F-essence is a generalization of the usual Dirac model with the nonstandard kinetic term. In this paper, we introduce a new model of spinor cosmology containing both Ricci scalar and the non minimally coupled spinor fields in its action. We have investigated the cosmology with both isotropy and anisotropy, where the equations of motion of FRW and Bianchi type-I spacetimes have been derived and solved numerically. Finally the quantization of these models through Wheeler-De Witt (WD) wave function has been discussed.
which we keep the Einstein gravity as a dominant theory and introduce a fluid in the right hand side of the Einstein field equation and then investigate the cosmological evolution of the model (Copeland E. J. et al. 2006) and ( Amendola L. 2000, paper II) . Another approach which has been investigated in recent years is the geometrical one in which we search for generalized models of the gravity which can deduce the accelerated expansion of the Universe (Elizalde E. et al. 2004, paper I) . Some examples of later model is f (R) gravity (Nojiri S. et al. 2003 (Nojiri S. et al. ,2007 (Nojiri S. et al. ,2011 Cognola G. et al. 2008; Azadi M. et al. 2008) , (Elizalde E. et al. 2004, paper III) , (Jamil M. et al. 2011, paper I) and (Momeni D. et al. 2009, paper I) in which the only dynamical sector of action is a function of the Ricci scalar. Here the nonlinear terms of the curvature can be regarded as an alternative for the accelerated expansion of the Universe. Another class of models are the f (R, G) models, where both curvature and Gauss-Bonnet terms as the dynamical quantities (Elizalde E. et al. 2004, paper II) , (Bamba K. et al. 2010) and ( Felice A. et al. 2010) . Another interesting approach is the f (T ) gravity where T is the torsion. Although it has no curvature, the space-time manifold has time evolution, and the dynamics has been caused by the Torsion only (Moller C. et al. 1961 (Moller C. et al. , 1978 Hayashi K. et al., 1967 Hayashi K. et al., ,1973 Hayashi K. et al., ,1977 Hayashi K. et al., ,1979 Wu P. et al. 2010 Wu P. et al. ,2011 Pellegrini C. et al. 1963; Yerzhanov K.K. et al. 2010; Chen S. H. et al. 2011; Bengochea G. R. et al. 2011; Li B. et al. 2011; Wei H. et al. 2011) . Since its equations of motions are lower order, working with it is easier, also the matter comes from a non-minimally action and curvature. This model can be explained as the trace of the specified energy-momentum tensor, the common Ricci scalar, and the Lagrangian f (R, T ) Harko T. et al. (2011) and (Momeni D. et al. 2009, paper II) . If we limit to the scalar field theories, there are many options to have an accelerated universe as quintessence (Zlatev I. et al. 1999; Steinhardt P. J. et al. 1999) and ( Amendola L. 2000, paper I) , quintom models ( Feng B. et al., 2006; Zhao W. 2006; Nojiri & Odintsov 2006a,b) , K-essense(Armendariz-Picon C. et al. 1999 ,2000 ,2001 and other combined models. There is no limitation for the usage of the fermions in the matter sector of the theory as a matter source. There are some works on spinor cosmology in the literature (Armendariz-Picon C. et al. 1999 ,2000 ,2001 , last paper ), (Vakili B. et al. 2005, paper II) and ( Ribas M. O. et al. 2005; Chaicherdsakul K. 2007; Boehmer C. G. 2008) . In this work, following an earlier work on the generalization of the spinor cosmology , paper II), we have introduced a new model of spinor cosmology, in which the action contains both R and the non minimally coupled spinor fields. We also have investigated both isotropic and anisotropic cosmological models in this framework. We derive the basic equations of motion and solve them for FRW and Bianchi type-I models numerically. Finally both classical and quantum models in this framework have been discussed and some analytical solutions for the quantum cosmology have been studied.
FRW metric in f-essence
In this section we would like to present the derivation of the equations of motion for FRW metric in the fessence.
Let us consider the following action of f-essence
where R is the scalar curvature, Y is the kinetic term for the fermionic field ψ and K is some function of its arguments. In the case of the FRW metric
R and Y have the form
respectively. Substituting these expressions into (1) and integrating over the spatial dimensions, we are led to an effective Lagrangian in the mini-superspace {a, ψ,ψ}
Variation of Lagrangian (5) with respect to a, yields the equation of motion of the scale factor 2aä +ȧ 2 + a 2 K = 0.
The variation of Lagrangian (5) with respect toψ, ψ is the corresponding Euler-Lagrangian equations for the fermionic fields
Another equivalence form is 3HKψ + Kψ ψψ + Kψψψ
3HKψ + Kψ ψψ + Kψψψ
Also the zero-energy condition is given by
which yields the constraint
Collecting all equations and rewriting using the Hubble parameter H = (ln a) t , we obtain a system of equations of f-essence (for the FRW metric case):
Here
are the energy density and the pressure of f-essence. It is clear that these expressions for the energy density and the pressure represent the components of the energymomentum tensor of f-essence as:
We introduce a useful model which is more applicable and more suitable for exact solutions. This model is described by
To obtain the field equations, we substitute this form in Eqs. (13) (14) (15) (16) (17) . Another simple method is re-deriving these equations using the action directly, therefore in each of these equivalence methods we have the following equations of motion for Dirac fields:
FRW equations in this case are
The general potential is V (ψψ) = 2ψψ. For this special case, we have the next set of EOMs:
Now we take the Dirac 2-spinor asψ = (ψ 1 , ψ 2 ) † γ 0 , the equation for spinor reads aṡ
Thus we must solve the next system of ODEs:
which posses the following solution
Using this form of the 2-spinor we can obtain the scale factor from the following equation
here y ≡ log(a(t)), {α, β} ≡ {ψ 1 (0), ψ 2 (0)}. There is no simple analytic solution for y(t). But if we take
, then we can solve it numerically. FIG.1 shows the time evolution of y(t) for some initial values.
Bianchi type I cosmology of f-essence
The action of f-essence reads as
where K is some function of its arguments, ψ = (ψ 1 , ψ 2 , ψ 3 , ψ 4 ) T is a fermionic function andψ = ψ + γ 0 is its adjoint function. Here
is the canonical kinetic term for the fermionic field and D µ is covariant derivative
Here Ω µ are spin connections, Γ µ are the Dirac matrices associated with the space-time metric satisfying the Clifford algebra
The Γ µ are related to the flat Dirac matrices, γ a , through the tetrads e a µ as
At the same time, the spin connections Ω µ satisfy the relation
The tetrads can be easily obtained from their definition, that is
Let us now consider the Bianchi type I universe filled with f-essence. These models for the special simple spinors have been discussed previously (Saha B. et al. 2004 ). The metric is given by
where a(t), b(t), c(t) are scale factors in the x, y, z directions respectively and N (t) is the lapse function. The corresponding scalar curvature takes the form
where a dot represents differentiation with respect to t. For the metric (39) the tetrads take the form 
These formulas yield
where γ 0 and γ i are the Dirac matrices in Minkowski spacetime and we have adopted the following representation
Substituting (40) and (42) in (43) and integrating over the spatial dimensions, we are led to an effective Lagrangian in the mini-superspace {N, a, b, c, ψ,ψ}
where
The preliminary set-up for writing the equations of motion is now complete. Variation of Lagrangian (44) with respect to N, a, b, c,ψ and ψ yields the equations of motion of the gravitational and the fermions fields as:
where energy density and pressure take the form
The vacuum solutions of the above system i.e. ψ = 0 is the generalized Kasner solution in which space is homogeneous and has Euclidean metric depending on time according to the Kasner metric (Kasner, Edward 1921) . This solution possessing a Belinsky-KhalatnikovLifshitz (BKL) singularity ( Belinsky V.A. et al. 1969; Lifshitz E. M. et al. 1960) , which is a model of dynamic evolution of the Universe near the initial singularity t = 0 and described by an anisotropic homogeneous and chaotic solution to the Einstein's field equations of gravitation. The Mixmaster universe exhibits similar properties as the Kasner solution. Some properties of g-essence were studied in ( Kulnazarov I. et al. 2011; Razina O.V. et al. 2011) . Model (1) admits two important reductions: k-essence and f-essence.
Bianchi type I cosmologies with
In this section we examine the Bianchi type I cosmology for K(Y, ψ,ψ) = Y − V (ψψ). In this case we havė
We take V (ψψ) = 2ψψ. Thus we obtaiṅ
We solved these equations numerically for a set of initial conditions imposed on the set of the functions {a(t), b(t), c(t), |ψ(t)| 2 }. We set N (t) = 1 without loss of generality, since the metric is a projectable metric, i.e. we can define a new time coordinate t ′ = N (t)dt. The gauge N (t) = 1 chosen in classical cosmological models, and called the cosmic time gauge. Another gauge fixing leads to N i = 0, here N i is the shift vector.
The numerical solutions is shown in the FIG.2 . As we observe, the functions {a(t), b(t), c(t)} are monotonically increasing functions of time, but the density function |ψ(t)| 2 is a decreasing function of t.
Quantization of f-essence
For quantization of the model as described in (32) we adopt the method proposed by Misner . The first step is writing the general Hamiltonian suitable for describing the quantum evolution of the system. For a typical model (32), with an unknown form of the function K, it is not possible to write such Hamiltonian. But if we restrict to the case K(Y, ψ,ψ) = Y − V (ψψ), the problem at hand becomes tractable. This is a special case of the form discussed previously in (Vakili B. et al. 2005, paper I) . First we introduce a set of the metric functions
It is easy to show that the Hamiltonian for model
where Υ is the Lagrange multiplier of the system. The set of the corresponding conjugate momentums of the new set of configurational coordinates {ρ, σ, χ} is {p ρ , p σ , p χ } which satisfy the commutation brackets. With a specified form of the interaction V (ψψ), we can obtain the classical solutions described in (Vakili B. et al. 2005, paper I) . Now from (71), we get the wave function directly from the WD equation (DeWitt B. S. 1967) , and with the usual replacements
We write the wave function as Ψ(ρ, σ, χ) = e i(kσ σ+kχχ) Γ(ρ) where
The general solution for (73) is
Here M and W are W hittakerM and W hittakerW functions respectively while k = k 2 σ + k 2 χ . Thus the total wave function is Ψ(ρ, σ, χ) = The Fourier-Whittaker coefficients a k can be obtained from the initial wave function Ψ(0, σ, χ). For Gaussian wave packet we can obtain the following result for the Fourier amplitude as follow:
In Eq. (77) we use the approximation Υ ≪ 1.
Conclusion
In conclusion, we derived the equations of motion of f-essence for FRW and Bianchi type I metrics. It is shown that if the Lagrangian of fermionic fields K has the usual Dirac form than the corresponding results coincide with the standard Einstein-Dirac theory. We have investigated both classical and quantum aspects of this model. 
